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We give a necessary and suﬃcient condition for Heegaard splittings of knot exteriors to
admit destabilizations. As an application, we show the following: let K1 and K2 be a pair
of knots which is introduced by Morimoto as an example giving degeneration of tunnel
number under connected sum. The Heegaard splitting of the exterior of K1 # K2 derived
from certain minimal unknotting tunnel systems of K1 and K2 is stabilized.
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1. Introduction
It follows from Haken’s lemma [3] that the connected sum of minimal genus Heegaard splittings yields a minimal genus
Heegaard splitting. On the other hand, Gordon (cf. [4, Problem 3.91]) asked the following: can the connected sum of unsta-
bilized Heegaard splittings yield a stabilized Heegaard splitting? Recently, Qiu [12] (see also Qiu and Scharlemann [13]) and
Bachman [1] independently announced that the answer for the above question is negative.
While Heegaard genus is additive under connected sum, it can degenerate under boundary-sum of two 3-manifolds
along positive genus boundary components. Let Mi (i = 1,2) be 3-manifolds each with a single boundary component.
Suppose that ∂M1 and ∂M2 are mutually homeomorphic. Let ϕ : ∂M1 → ∂M2 be a gluing map and F the image of ∂Mi
in M := M1 ∪ϕ M2. Then we obtain a Heegaard splitting of M by amalgamating Heegaard splittings of Mi (i = 1,2). Taking
minimal genus Heegaard splittings of Mi (i = 1,2), we have:
g(M) g(M1) + g(M2) − genus(F ),
where g(·) denotes the Heegaard genus. For details, see [15]. We note that Haken’s lemma implies that equality holds if F
is a 2-sphere. However, when F is of positive genus, equality does not hold in general. The following is given by Schultens
and Weidmann.
Theorem 1.1. ([16]) For any positive integer n, there exist 3-manifolds Mni (i = 1,2) each with a single boundary component homeo-
morphic to a torus and a gluing map ϕ : ∂Mn1 → ∂Mn2 such that g(Mn1 ∪ϕ Mn2) g(Mn1) + g(Mn2) − n.
In fact, they have shown that there exist 3-manifolds Mni (i = 1,2) each with torus boundary and exists a gluing map
ϕ : ∂Mn1 → ∂Mn2 which satisﬁes the following: (1) g(Mn1) = n+1 and g(Mn2) = n, and (2) the Heegaard splitting of Mn1 ∪ϕ Mn2
obtained by amalgamating certain minimal genus Heegaard splittings of Mni (i = 1,2) is destabilized successively n times.
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Qiu, Rieck and Wang.
Theorem 1.2. ([5]) There exists a 3-manifold M containing separating incompressible surfaces Sn of genus gn arbitrarily large, such
that the amalgamation of minimal genus Heegaard splittings of two resulting 3-manifolds along Sn can be destabilized gn − 3 times
to a minimal genus Heegaard splitting of M.
Based on this background, we study Heegaard splittings of a 3-manifold N which is obtained from 3-manifolds N1 and
N2 each with a single boundary component by identifying connected subsurfaces Fi of ∂Ni with ∂ Fi = ∅ and F1 ∼= F2 via
a gluing map ψ : F1 → F2. Here, we suppose that each component of cl(∂Ni \ Fi) is not a disk. Let F be the image of Fi
in N = N1 ∪ψ N2. We then note that N can be regarded as N1 ∪ N0 ∪ N2, where N0 is homeomorphic to a submanifold
η(∂N ∪ F ;N) of N . For details, see Section 3. For each i = 1 and 2, let (Ci,C ′i; Si) be a genus gi Heegaard splitting of Ni .
Let (C0,C ′0; S0) be the canonical Heegaard splitting of N0 with respect to F (see Section 3). Then we obtain a genus g1 + g2
Heegaard splitting (C,C ′; S) of N by amalgamating the three Heegaard splittings (C j,C ′j; S j) ( j = 0,1,2).
Let K be a knot in a closed orientable 3-manifold and T an unknotting tunnel system of K . We note that T uniquely
determines a Heegaard splitting of the exterior of K . A typical example of such a 3-manifold N as above is the exterior of a
non-prime knot. Let Ki (i = 1,2) be knots in closed orientable 3-manifolds. Then the exterior of their connected sum K1 #K2
is obtained from the exteriors of K1 and K2 by annulus-sum along meridional annuli. Let Ti be an unknotting tunnel system
of Ki . Then the exterior of K1 # K2 admits a Heegaard splitting obtained by amalgamating Heegaard splittings derived from
Ti and the canonical Heegaard splitting of N0. We note that an unknotting tunnel system of K1 # K2 corresponding to this
Heegaard splitting is T1 ∪τ ∪T2, where τ is a simple arc in a decomposing 2-sphere P joining the two points P ∩ (K1 # K2).
Under this condition, one may ask the following.
Question 1.3. Does there exist knots Ki (i = 1,2) in closed orientable 3-manifolds with minimal unknotting tunnel systems
Ti such that the Heegaard splitting of the exterior of K1 # K2 derived from T1 ∪ τ ∪ T2 is stabilized?
We easily see that the answer to Question 1.3 is aﬃrmative. In fact, we will show that if K1 admits a primitive point with
respect to T1 (Deﬁnition 2.1), then the Heegaard splitting of the exterior of K1 # K2 derived from T1 ∪ τ ∪ T2 is stabilized
for any pair of a knot K2 and its unknotting tunnel system T2 (Propositions 3.2 and 4.3). Particularly, we have the following.
Suppose that p1 ∈ K1 is a primitive point with respect to T1 and p2 ∈ K2 \ ∂T2. Then the Heegaard splitting of the exterior
of K1 #(p1,p2) K2, which is the connected sum of Ki ’s at the points pi ’s (cf. Section 2), derived from T1∪τ ∪T2 is destabilized
to that derived from T1 ∪ T2 (Proposition 4.3). We note that there is a knot K with a minimal unknotting tunnel system T
such that K admits a primitive point p with respect to T . For example, each 2-bridge knot admits a primitive point with
respect to a minimal unknotting tunnel system. Hence we would like to propose a strong version of Question 1.3.
Question 1.4. Does there exist knots Ki (i = 1,2) in closed orientable 3-manifolds with minimal unknotting tunnel systems
Ti which satisfy the following?
(1) Each Ki does not admit a primitive point with respect to Ti .
(2) There exist points pi ∈ Ki \ ∂Ti (i = 1,2) such that the Heegaard splitting of the exterior of K1 #(p1,p2) K2 derived from
T1 ∪ τ ∪ T2 is stabilized.
Though we do not know the answer to Question 1.4, we note that there exists a pair of knots K and K ′ such that for any
minimal unknotting tunnel system T (T ′ resp.), K (K ′ resp.) does not admit a primitive point with respect to T (T ′ resp.),
and T ∪ τ ∪ T ′ is not a minimal unknotting tunnel system of K # K ′ [7,8].
Another strong version of Question 1.3 is the following.
Question 1.5. Does there exist knots Ki (i = 1,2) in closed 3-manifolds with minimal unknotting tunnel systems Ti which
satisfy the following?
(1) K1 admits a primitive point p1 with respect to T1. (Hence T1 ∪ T2 is an unknotting tunnel system of K1 #(p1,p2) K2 for
any unknotting tunnel system T2 of K2 and any point p2 ∈ K2 \ ∂T2.)
(2) There exists a point p2 ∈ K2 \ ∂T2 such that the Heegaard splitting of the exterior of K1 #(p1,p2) K2 derived from T1 ∪T2
is stabilized.
In this paper, we give a necessary and suﬃcient condition for Heegaard splittings of knot exteriors to be stabilized
(Theorem 5.2). As an application, we show that the pair of knots K1 and K2 illustrated in Fig. 1, which is introduced
by Morimoto [10] as an example giving degeneration of tunnel number under connected sum, is also an example giving
positive answer to Question 1.5. This enables us to obtain a minimal unknotting tunnel system of K1 # K2 for Morimoto’s
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example (Fig. 7). As another application, we show that t(2nK1) = 3n (Assertion 6.4) and also give its minimal unknotting
tunnel system (Remark 6.5), where K1 is illustrated in Fig. 1 and 2nK1 is the connected sum of 2n copies of K1.
Remark 1.6. In [6], the concept of the growth rate of the tunnel number of knots gr(K ) = limsupm→∞ t(mK )−mt(K )m−1 is
introduced. Assertion 6.4 implies that t(2nK1) − 2nt(K1) = 3n − 4n = −n. Moreover, since (2n + 1)K1 = (2nK1) # K1,
t((2n + 1)K1) 3n + 3. Hence t((2n + 1)K1) − (2n + 1)t(K1)−n + 1. These imply that gr(K1) = −1/2. The authors think
that this is the ﬁrst example of a knot with negative growth rate.
2. Preliminaries
Throughout this paper, we work in the piecewise linear category. Let X be a submanifold of a manifold Y . The nota-
tion η(X; Y ) denotes a regular neighborhood of X in Y . The exterior of X in Y is denoted by E(X; Y ) := cl(Y \ η(X; Y )).
Suppose that dim(X) = dim(Y ). Then the frontier of X in Y is denoted by Fr(X; Y ). The notation | · | denotes the number
of components. We always assume that manifolds are in general position when we count the number of their intersection
components. We also assume that all the 3-manifolds are orientable.
A 3-manifold W is a compression body if there is a connected closed orientable surface F such that W is obtained from
F × [0,1] by attaching 2-handles along mutually disjoint simple loops in F × {1} and capping off the resulting 2-sphere
boundary components by 3-handles. Then ∂+W denotes F × {0}, and ∂−W denotes ∂W \ ∂+W . Dually, a compression
body is a 3-manifold obtained from ∂−W × [0,1] and 0-handles by attaching 1-handles. If ∂−W = ∅, then W is called a
handlebody.
We say that (C,C ′; S) is a Heegaard splitting of a 3-manifold N if each of C and C ′ are compression bodies, N = C ∪ C ′
and C ∩ C ′ = ∂+C = ∂+C ′ = S . The surface S is called a Heegaard surface of N and the genus of S is called the genus of
the Heegaard splitting. A Heegaard splitting (C,C ′; S) is stabilized if there are disks D and D ′ properly embedded in C
and C ′ respectively with |∂D ∩ ∂D ′| = 1. Such a pair of disks (D, D ′) is called a cancelling pair of (C,C ′; S). If a Heegaard
splitting (C,C ′; S) is stabilized, then we can destabilize the splitting, i.e., we can obtain a Heegaard splitting from (C,C ′; S)
by ambient 2-surgery on S along a component of its cancelling pair. We note that the genus of the resulting splitting
reduces by one exactly.
Let K be a knot in a closed 3-manifold M . We always suppose that all the knots are oriented unless otherwise speciﬁed.
A union T = τ1 ∪ · · · ∪ τn of mutually disjoint simple arcs embedded in M is called a tunnel system of K if τi ∩ K = ∂τi for
each i. Moreover, T is called an unknotting tunnel system of K if E(K ∪ T ;M) is a handlebody. Set τ̂i = τi ∩ E(K ;M), and
let V be the exterior of ∂E(K ;M) ∪ ( τ̂1 ∪ · · · ∪ τ̂n) in E(K ;M), and set W = cl(E(K ;M) \ V ) and S = ∂V . Then it is easy to
see that (V ,W ; S) is a Heegaard splitting of E(K ;M) which we call a Heegaard splitting derived from T . Since V is ambient
isotopic to E(K ∪T ;M) in M , we will not distinguish them when it can cause no confusion. An annulus properly embedded
in W is called a vertical m-annulus in W if a single component of its boundary is a meridian of K in ∂E(K ;M) and the
other is in ∂+W .
Deﬁnition 2.1. Let K be a knot in a closed 3-manifold M and T an unknotting tunnel system of K . A point p ∈ K is
said to be primitive with respect to T if p ∈ K \ ∂T and there is a disk D properly embedded in η(K ∪ T ;M) such that
D ∩ (K ∪T ) = D ∩ K = p and that ∂D is primitive in E(K ∪T ;M), i.e., there is a disk D ′ properly embedded in E(K ∪T ;M)
with |∂D ∩ ∂D ′| = 1.
The tunnel number of K , denoted by t(K ), is the minimum of numbers of the arcs among all unknotting tunnel systems
of K . If T realizes t(K ), then T is said to be minimal.
Remark 2.2. If K is a trivial knot in S3, then t(K ) = 0. Hence its minimal unknotting tunnel system T is the empty set. In
this case, each point in K is a primitive point with respect to T .
For each i = 1,2, let Ki be a knot in a closed 3-manifold Mi , Ti an unknotting tunnel system of Ki and pi ∈ Ki \ ∂Ti .
We note that η(pi;Mi) ∩ Ki is a trivial arc in η(pi;Mi). Set M ′i = cl(Mi \ η(pi;Mi)) and let h : ∂M ′1 → ∂M ′2 be a gluing
map with h(∂(M ′ ∩ K1)) = ∂(M ′ ∩ K2) and h∗([∂(M ′ ∩ K1)]) = −[∂(M ′ ∩ K2)], where [ · ] is a homology class and h∗ is the1 2 1 2
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homomorphism induced by h. The 3-manifold M ′1 ∪h M ′2 is denoted by M1 # M2, and the knot (K1 ∩ M ′1) ∪h (K2 ∩ M ′2) is
denoted by K1 #(p1,p2) K2. Then the image P of ∂M
′
i in M1 # M2 is called a decomposing 2-sphere and P ∩ E(K1 #(p1,p2) K2;
M1 # M2) is called a decomposing annulus. We remark that a decomposing annulus cuts E(K1 #(p1,p2) K2;M1 # M2) into a
copy of E(K1;M1) and a copy of E(K2;M2). The image of T1 ∪ T2, which will be also denoted by T1 ∪ T2, in M1 # M2 is
a tunnel system of K1 #(p1,p2) K2. We note that T1 ∪ T2 is not necessarily an unknotting tunnel system of K1 #(p1,p2) K2.
We also note that the knot-type K1 #(p1,p2) K2 does not depend on a choice of points where the connection is made, i.e.,
(M1 # M2, K1 #(p1,p2) K2) is homeomorphic to (M1 # M2, K1 #(p′1,p′2) K2) for any point p
′
i ∈ Ki . However, a choice of points
changes the nature of T1 ∪ T2. See Appendix A in this paper.
3. Canonical Heegaard splitting derived from T1 and T2
Let Ki (i = 1,2) be knots with unknotting tunnel systems Ti . Recall from Section 1, τ is a simple arc in a decomposing
2-sphere P joining the two points P ∩ (K1 # K2). It is well known that T1 ∪τ ∪T2 is an unknotting tunnel system of K1 # K2.
We note that the nature of the Heegaard splittings derived from T1 ∪ τ ∪ T2 might be different according to a choice of
points pi ∈ Ki \ ∂Ti where the connection is made (see Appendix A). In this section, we show that the Heegaard splittings
of the exterior of K1 # K2 obtained as above are mutually homeomorphic (Proposition 3.2). For deﬁnitions and fundamental
properties of a spine of a compression body and a generalized Heegaard splitting, see [14]. Also, for those of an amalgamation
of Heegaard splittings, see [15].
In general, let Ni (i = 1,2) be 3-manifolds with a single boundary component, Fi connected subsurfaces in ∂Ni with
∂ Fi = ∅ and F1 ∼= F2, ψ : F1 → F2 a gluing map, and F the image of Fi in N := N1 ∪ψ N2. We suppose that each component
of cl(∂Ni \ Fi) is not a disk. Set N0 = η(∂N ∪ F ;N). We note that N0 is a union of ∂N × [0,1] and F × [0,1], where
(∂N ×[0,1])∩ (F ×[0,1]) = (∂N ×{1})∩ (F ×[0,1]) = ∂ F ×[0,1]. Then cl(N \N0) consists of a copy of N1 and a copy of N2.
Hence N can be regarded as N = N1 ∪ N0 ∪ N2. Set C0 = η(∂N1 ∪ γ ∪ ∂N2;N0), where γ is a simple arc {a point} × [0,1] ⊂
F × [0,1] ⊂ N0 which joins ∂N1 to ∂N2. It is easy to see that C0 is a compression body. We now set C ′0 = cl(N0 \ C0).
Claim. C ′0 is a compression body with C ′0 ∩ C0 = ∂+C ′0 = ∂+C0 .
Proof. By the deﬁnition of C0, we see that C ′0 ∼= ∂N × [0,1] ∪ (F ′ × [0,1]) where F ′ is a surface F with an open disk
removed. Take a union of mutually disjoint arcs σ̂ = σ̂1 ∪ · · · ∪ σ̂m properly embedded in F × {1/2} ⊂ N0 such that σ̂ cuts
F ×{1/2} into a disk and is disjoint from the removed disk. Since there is a deformation retract F ′ ×{1/2} → ∂ F ×{1/2}∪ σ̂ ,
we see that C ′0 ∼= ∂N × [0,1] ∪ (1-handles), where the cores of the 1-handles are σ̂1, . . . , σ̂m . Hence C ′0 is a compression
body. It, moreover, is easy to see from the above correspondence that C ′0 ∩ C0 = ∂+C ′0 = ∂+C0. 
By the claim above, (C0,C ′0; S0) is a Heegaard splitting of N0, where S0 = ∂+C0 = ∂+C ′0. We call (C0,C ′0; S0) the canonical
Heegaard splitting of N0 with respect to F . For each i = 1 and 2, let (Ci,C ′i; Si) be a genus gi Heegaard splitting of Ni with
∂Ni ⊂ C ′i . Then the decomposition (C1∪C ′1)∪(C0∪C ′0)∪(C2∪C ′2) together with the fork complex (see [14] for the deﬁnition)
illustrated in Fig. 2 gives a generalized Heegaard splitting of N . Let (C,C ′; S) be the Heegaard splitting of N with ∂N ⊂ C ′
obtained by amalgamating the three Heegaard splittings (C j,C ′j; S j) ( j = 0,1,2). By [15, Remark 2.7], we see that (C,C ′; S)
is of genus g1 + g2. For each i = 1 and 2, let Σ̂ ′i be a spine of C ′i disjoint from Fi . Then Σ ′i denotes the 1-complex
obtained from Σ̂ ′i by extending the endpoints Σ̂
′
i ∩ ∂Ni vertically into ∂N × [0,1](⊂ N0 = ∂N × [0,1] ∪ F × [0,1]). Let
σ̂ = σ̂1 ∪ · · · ∪ σ̂m be as in the proof of the claim above. Analogously, σi denotes the arc properly embedded in N obtained
from σ̂i by extending the endpoints vertically into ∂N×[0,1]. Set σ = σ1∪· · ·∪σm . Then the Heegaard surface S is obtained
from S0 by tubing along the union of (a slight extension of) the spines Σ ′1 ∪ Σ ′2. This implies the following.
Assertion. Σ ′1 ∪ σ ∪ Σ ′2 is a spine of C ′ .
We now apply the above assertion to exteriors of composite knots. For each i = 1 and 2, let Ki be a knot in a closed
3-manifold Mi with an unknotting tunnel system Ti and (Vi,Wi; Si) the Heegaard splitting of M̂i := E(Ki;Mi) derived from
Ti with ∂M̂i ⊂ Wi . We note that T̂i = Ti ∩ Wi is a spine of Wi and that M̂ := E(K1 # K2;M1 # M2) is obtained from M̂1
and M̂2 by identifying their meridional annuli Ai ⊂ ∂M̂i (i = 1,2). Let A be the image of Ai in M̂ . Then it follows from
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splitting of M̂ with ∂M̂ ⊂ Ŵ obtained by amalgamating the three Heegaard splittings (V1,W1; S1), (V2,W2; S2) and the
canonical Heegaard splitting of M̂0 with respect to A. Let τ be an arc in the decomposing 2-sphere P joining the two points
P ∩ (K1 # K2) and set τ̂ = τ ∩ M̂ . Then by the assertion above, we see that T̂1 ∪ τ̂ ∪ T̂2 is a spine of Ŵ . Hence we have the
next proposition.
Proposition 3.1. Let Ki ’s, Ti ’s and τ be as above. Then T1 ∪ τ ∪ T2 is an unknotting tunnel system of K1 # K2 .
We then show the following.
Proposition 3.2. Let M̂, Ti ’s and τ be as above. The Heegaard splitting of M̂ derived from T1 ∪τ ∪T2 is unique up to homeomorphism,
i.e., the splitting does not depend on a choice of points where the connection is made.
Proof. Let (p1, p2) and (p′1, p′2) be pairs of points with pi ∈ Ki \ ∂Ti and p′i ∈ Ki \ ∂Ti (i = 1,2). We may regard M̂ as
E(K1 #(p1,p2) K2;M1 #M2). Particularly, M̂ = (V1 ∪ W1)∪ (V0 ∪ W0)∪ (V2 ∪ W2). Set M̂ ′ = E(K1 #(p′1,p′2) K2;M1 #M2). Then
M̂ ′ is obtained from M̂i by identifying meridional annuli A′i corresponding to p
′
i . We analogously obtain the decomposition
(V ′1 ∪W ′1)∪ (V ′0 ∪W ′0)∪ (V ′2 ∪W ′2) of M̂ ′ by using the image of A′i in M̂ ′ . Let (V ,W ; S) and (V ′,W ′; S ′) be Heegaard split-
tings of M̂ and M̂ ′ respectively which are obtained by amalgamating the generalized Heegaard splittings above. We note that
there is a homeomorphism f : M̂ → M̂ ′ with f (Vi) = V ′i and f (Wi) = W ′i . Hence it follows from [9, Proposition 3.1] that
we may assume that f (V ) = V ′ and f (W ) = W ′ , and therefore (V ,W ; S) and (V ′,W ′; S ′) are mutually homeomorphic. 
4. Primitive points with respect to unknotting tunnel systems
Throughout this section, for each i = 1,2, let Ki be a knot in a closed 3-manifold Mi , Ti an unknotting tunnel system
of Ki and (Vi,Wi) the Heegaard splitting of E(Ki;Mi) derived from Ti with ∂E(Ki;Mi) ⊂ Wi .
Proposition 4.1. Suppose that, for each i = 1,2, there are no 2-spheres properly embedded in Mi intersecting Ki transversely in a
single point. Let pi ∈ Ki \ ∂Ti for each i = 1,2. If T1 ∪T2 is an unknotting tunnel system of K1 #(p1,p2) K2 , then p j is a primitive point
with respect to T j for j = 1 or 2.
Proof. Set M̂ = E(K1 #(p1,p2) K2;M1 # M2) and let (V ,W ; S) be the Heegaard splitting of M̂ derived from T1 ∪ T2 such
that ∂M̂ ⊂ W . Let A be a decomposing annulus of M̂ . We may assume that A ∩ V is a separating annulus AV in V and
A ∩ W consists of two vertical m-annuli in W . By the assumption, we see that AV is incompressible in V . This implies
that AV is boundary compressible in V . Let 
 be a boundary compressing disk of AV and V ′ the component obtained by
cutting V along AV which contains 
. Without loss of generality, we may suppose that V ′ is contained in M1. Let W ′
be the component obtained by cutting W along A ∩ W with W ′ ⊂ M1. Then V ′ ∪ W ′ is homeomorphic to E(K1;M1). Set
V ′′ = cl(V ′ \ η(AV ; V ′)) and W ′′ = W ′ ∪ η(AV ; V ′). Then it is easy to see that (V ′′,W ′′; S ′′) is the Heegaard splitting of
E(K1;M1) derived from T1, where S ′′ = ∂V ′′ . Set 
V ′′ = 
∩ V ′′ and let AW ′′ be a component of W ′ ∩η(AV ; V ′). Then 
V ′′
is an essential disk in V ′′ and AW ′′ is a vertical m-annulus in W ′′ with |∂
V ′′ ∩ ∂ AW ′′ | = 1. Since AW ′′ extends to a disk
DW ′′ in cl(M1 \ V ′′) with DW ′′ ∩ (K1 ∪ T1) = DW ′′ ∩ K1 = p1, we have the desired result. 
Remark 4.2. One may expect the following assertion: if t(K1 # K2) t(K1)+t(K2), then there are minimal unknotting tunnel
systems Ti (i = 1,2) and points pi ∈ Ki \ ∂Ti such that T1 ∪ T2 is an unknotting tunnel system of K1 #(p1,p2) K2. However,
we can show that this is not the case. In fact, Kobayashi and Rieck [7,8] have shown that there are knots Ki (i = 1,2) such
that (1) they do not admit primitive points for all minimal unknotting tunnel systems, and (2) t(K1 # K2) t(K1) + t(K2).
Proposition 4.1 together with (1) above proves that for any minimal unknotting tunnel system Ti of Ki (i = 1,2), T1 ∪ T2 is
not an unknotting tunnel system of K1 #(p1,p2) K2 for any point pi ∈ Ki \ ∂Ti .
Proposition 4.3. Suppose that p1 ∈ K1 is a primitive point with respect to T1 . Then for any knot K2 , any unknotting tunnel system
T2 of K2 and any point p2 in K2 \ ∂T2 , the Heegaard splitting of the exterior of K1 #(p1,p2) K2 derived from T1 ∪ τ ∪ T2 admits a
destabilization such that the destabilized Heegaard splitting is derived from T1 ∪ T2 . Hence T1 ∪ T2 is an unknotting tunnel system of
K1 #(p1,p2) K2 .
Proof. Since p1 ∈ K1 is a primitive point with respect to T1, there is an essential disk D in cl(M1 \ V1) with D ∩ (K1 ∪T1) =
D ∩ K1 = p1 and there is a disk D ′ properly embedded in V1 with |∂D ∩ ∂D ′| = 1. Then AW1 := D ∩ W1 is a vertical
m-annulus. Set W ′1 = cl(W1 \ η(AW1 ;W1)). Let K2 be a knot, T2 an unknotting tunnel system of K2, and p2 ∈ K2 \ ∂T2.
Let AW2 be a vertical m-annulus in W2 which extends to a disk intersecting K2 ∪ T2 only at the point p2 transversely.
Set W ′2 = cl(W2 \ η(AW2 ;W2)). For each i = 1 and 2, we note that Vi ∪ W ′i is homeomorphic to E(Ki;Mi), Vi ∩ W ′i is a
compact surface of genus genus(Si) − 1 with two boundary components, and Ai := cl(∂Vi \ W ′) is a meridional annulusi
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of Ki . It is clear that the exterior of K1 #(p1,p2) K2 is obtained from V1 ∪ W ′1 and V2 ∪ W ′2 by identifying the annuli
A′1 := A1 ∪ Fr(η(AW1 ;W1);W1) and A′2 := A2 ∪ Fr(η(AW2 ;W2);W2) via a gluing map ψ : A′1 → A′2 with ψ(A1) = A2. Let
A (A′ resp.) be the image of A1 (A′1 resp.) and A2 (A′2 resp.) in the exterior M̂ := E(K1 #(p1,p2) K2;M1 # M2). Then A′ is
a decomposing annulus of K1 #(p1,p2) K2. Let P be a decomposing 2-sphere of K1 #(p1,p2) K2 with P ∩ M̂ = A′ . Let τ be
a simple arc in P joining the two points P ∩ (K1 #(p1,p2) K2) such that τ̂ (:= τ ∩ A) = D ′ ∩ A. Note that τ̂ is an essential
arc in A. We now set V̂ = cl((V ′1 ∪ψ V ′2) \ η(τ̂ ; V ′1 ∪ψ V ′2)) and Ŵ = (W ′1 ∪ψ W ′2) ∪ η(τ̂ ; V ′1 ∪ψ V ′2). Then we see that
(V̂ , Ŵ ; Ŝ) is a Heegaard splitting of M̂ , where Ŝ = ∂ V̂ . Moreover, the splitting (V̂ , Ŵ ; Ŝ) is derived from T1 ∪ τ ∪ T2.
Set D̂ ′ := D ′ ∩ V̂ and let Ê be a cocore of the 1-handle η(τ̂ ; V ′1 ∪ψ V ′2). Then D̂ ′ and Ê are essential disks in V̂ and Ŵ
respectively with |∂ D̂ ′ ∩ ∂ Ê| = 1, i.e., (D̂ ′, Ê) is a cancelling pair of (V̂ , Ŵ ; Ŝ). Hence (V̂ , Ŵ ; Ŝ) admits a destabilization such
that the destabilized Heegaard splitting is derived from T1 ∪ T2. 
Remark 4.4. Let K be the trivial knot in S3, T its unknotting tunnel system, and p and p′ the points in K \ ∂T illustrated
at the upper left in Fig. 10. We note that Proposition 4.1 together with Observation 6.6 in Appendix A implies that the
point p is primitive with respect to T . On the other hand, it follows from Proposition 4.3 together with Observation 6.7 in
Appendix A that p′ is not primitive with respect to T .
5. Destabilizing Heegaard splittings of knot exteriors
In this section, we give a necessary and suﬃcient condition for Heegaard splittings of knot exteriors to admit destabi-
lizations. Let K be a knot in a closed 3-manifold M , and (V ,W ; S) a Heegaard splitting of E(K ;M) with ∂E(K ;M) ⊂ W .
Deﬁnition 5.1. Let A and A′ be mutually disjoint vertical m-annuli in W and W¯ a 3-manifold obtained by cutting W along
A ∪ A′ . A rectangle R properly embedded in W¯ is called an (A, A′)-rectangle in W if a pair of opposite sides of R consists
of essential arcs in A and A′ , one of other sides joins ∂ A to ∂ A′ in S , and the other joins ∂ A to ∂ A′ in ∂E(K ;M).
Theorem 5.2. Let K be a knot in a closed 3-manifold M. A Heegaard splitting (V ,W ; S) of E(K ;M) with ∂E(K ;M) ⊂ W is stabilized
if and only if the following holds.
(∗) There exist an essential disk D in V , mutually disjoint m-annuli A and A′ in W , and an (A, A′)-rectangle R in W such that
D ∩ (A ∪ R ∪ A′) = ∂D ∩ ∂ A′ and |∂D ∩ ∂ A′| = 1.
Proof. We ﬁrst suppose that (V ,W ; S) satisﬁes the property (∗). Let AK be the annulus obtained by cutting ∂E(K ;M) along
∂(A ∪ A′) such that AK contains the side R ∩ ∂E(K ;M) of R . Then Fr(η(A ∪ AK ∪ R ∪ A′;W );W ) consists of copies of A and
of A′ and a disk, say E (cf. Fig. 3). Since we suppose that (V ,W ; S) satisﬁes the property (∗), we see that |∂D ∩ ∂E| = 1.
Hence (V ,W ; S) is stabilized.
We next suppose that (V ,W ; S) is stabilized, that is, there is an essential disk DV (EW resp.) in V (W resp.) with
|∂DV ∩ ∂EW | = 1. Let AW be a vertical m-annulus in W disjoint from EW such that |∂DV ∩ ∂ AW | is minimal among all
such annuli. Suppose that ∂DV ∩ ∂ AW = ∅. Take a sub-arc γ of ∂DV such that γ joins ∂ AW to ∂EW and that the interior
of γ is disjoint from ∂ AW ∪ ∂EW . Let AγW be a vertical m-annulus obtained from AW and EW by band-sum along γ .
Then |∂DV ∩ ∂ AγW | = |∂DV ∩ ∂ AW | − 1, and AγW is isotoped to be disjoint from EW , a contradiction. Hence we see that
∂DV ∩ ∂ AW = ∅. Take a simple arc γ ′ in S such that γ ′ joins ∂ AW to ∂EW , the interior of γ ′ is disjoint from ∂ AW ∪ ∂EW ,
and γ ′ ∩ ∂DV = ∅. Then we obtain a vertical m-annulus A′W from AW and EW by band-sum along γ ′ , which satisﬁes|∂ A′W ∩ ∂DV | = 1. Note that A′W is slightly isotoped to be disjoint from AW and hence there exists an (AW , A′W )-rectangle
RW disjoint from ∂DV . This implies that DV , AW , A′W and RW give the property (∗). 
Proposition 5.3. Let K be a knot in a closed 3-manifold M. A Heegaard splitting (V ,W ; S) of E(K ;M) with ∂E(K ;M) ⊂ W satisﬁes
the property (∗) in Theorem 5.2 if (V ,W ; S) satisﬁes the following.
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R in W such that
D ′ ∩ (A ∪ A′) = ∂D ′ ∩ ∂ A′ and |∂D ′ ∩ ∂ A′| = 1, and
D ′′ ∩ (A ∪ R ∪ A′) = ∂D ′′ ∩ ∂R and |∂D ′′ ∩ ∂R| = 1.
Proof. If D ′ ∩ R = ∅, then A, A′ , R and D ′ immediately give the property (∗). Hence we assume D ′ ∩ R = ∅. Let p be the
intersection point of D ′′ and R . Then p cuts S ∩ R into two arcs, say γ and γ ′ . Let p1, . . . , pm (p′1, . . . , p′n resp.), if exist, be
the points ∂D ′ ∩ γ (∂D ′ ∩ γ ′ resp.) in this order from the point p. Let γi (γ ′j resp.) be the sub-arc of γ (γ ′ resp.) that joins
p to pi (p to p′j resp.). Then we inductively obtain a sequence of disks D1, . . . , Dm+n in V disjoint from D
′′ as follows:
D0 = D ′ , and Di is obtained from D ′′ and Di−1 by band-sum along γi (if 1 i m) or γ ′i−m (if m+ 1 i m+n) and then
making it disjoint from D ′′ by a slight isotopy. Consequently, Dm+n , A, A′ and R give the property (∗) in Theorem 5.2. 
Proposition 5.4. Let K be a knot in a closed 3-manifold M and (V ,W ; S) a Heegaard splitting of E(K ;M) with ∂E(K ;M) ⊂ W . Set
W ′ = cl(M \ V ), and let g : K × [0,1] → W ′ be an embedding with g(K × {0}) ⊂ ∂W ′ and g(x× {1}) = x for x ∈ K . The Heegaard
splitting (V ,W ; S) of E(K ;M) satisﬁes the property (∗∗) in Proposition 5.3 if (V ,W ′; S) satisﬁes the following.
(∗∗∗) There exist mutually disjoint essential disks D ′ and D ′′ in V , mutually disjoint essential disks E A and E A′ in W ′ each of which
intersects g(K × {0}) in a single point, and a sub-arc ΓR of g(K × {0}) joining ∂E A to ∂E A′ such that
D ′ ∩ (E A ∪ E A′) = ∂D ′ ∩ ∂E A′ and |∂D ′ ∩ ∂E A′ | = 1, and
D ′′ ∩ (E A ∪ ΓR ∪ E A′) = ∂D ′′ ∩ ΓR and |∂D ′′ ∩ ΓR | = 1.
Proof. Let p ∈ K be the point with g(p × {0}) = E A ∩ g(K × {0}) and p′ ∈ K the point with g(p′ × {0}) = E A′ ∩ g(K × {0}).
We claim that by isotoping E A and E A′ relative to boundary, we may suppose that (E A ∪ E A′ )∩ g(K × [0,1]) consists of the
two arcs g((p ∪ p′) × [0,1]). Here is a sketch of a proof. We may suppose that (E A ∪ E A′ ) ∩ g(K × [0, ε]) consists of the
two vertical arcs g((p ∪ p′)×[0, ε]) for a suﬃciently small ε > 0. Let Φt (0 t  1) be an ambient isotopy on W ′ such that
Φ0 = idW ′ , Φt |∂W ′ = id∂W ′ and Φ1(g(x× [0, ε])) = g(x× [0,1]) for x ∈ K (0< t  1). Regarding Φ1(E A) and Φ1(E A′ ) as E A
and E A′ respectively, we have the claim. This claim shows that E A ∩ (K ∪T ) = E A ∩ K = p and E A′ ∩ (K ∪T ) = E A′ ∩ K = p′ .
Set A = E A ∩ W and A′ = E A′ ∩ W ′ . Then A and A′ are vertical m-annuli in W . Set R = Φ1(Γ ′R × [0,1]), where Γ ′R is the
sub-arc of K with g(Γ ′R ×{0}) = ΓR . Then R is an (A, A′)-rectangle in W . It is easy to see that D ′ , D ′′ , A, A′ and R give the
property (∗∗) in Proposition 5.3. 
6. Morimoto’s examples
Let K be a knot in a closed 3-manifold M with the unknotting tunnel system T and (V ,W ; S) the Heegaard splitting
of E(K ;M) with ∂E(K ;M) ⊂ W derived from T . Set W ′ = cl(M \ V ). Then (V ,W ′; S) is a Heegaard splitting of M . Let
g : (K ∪ T ) × [0,1] → W ′ be an embedding with g((K ∪ T ) × {0}) ⊂ ∂W ′ and g(x× {1}) = x for x ∈ K ∪ T .
Lemma 6.1. Let p ∈ K \ ∂T . Suppose that there is a cancelling pair (DV , DW ′ ) of (V ,W ′; S) with
∂DW ′ ∩ g
(
(K ∪ T ) × {0})= ∂DW ′ ∩ g
(
K × {0})= g(p × {0}).
Then the point p is primitive with respect to T .
Proof. We claim that by isotoping DW ′ relative to boundary, we may suppose that DW ′ ∩ g((K ∪ T ) × [0,1]) consists of
the arc g(p × [0,1]). Here is a sketch of a proof. We may suppose that DW ′ ∩ g((K ∪ T ) × [0, ε]) consists of the vertical
arc g(p × [0, ε]) for a suﬃciently small ε > 0. Let Φt (0  t  1) be an ambient isotopy on W ′ such that Φ0 = idW ′ ,
Φt |∂W ′ = id∂W ′ and Φ1(g(x × [0, ε])) = g(x × [0,1]) for x ∈ K ∪ T (0 < t  1). Regarding Φ1(DW ′ ) as DW ′ , we have the
claim. This claim shows that DW ′ ∩ (K ∪T ) = DW ′ ∩ K = p. Since |∂DV ∩ ∂DW ′ | = 1, we see that p is primitive with respect
to T . 
Let K1 ⊂ S3 be the knot illustrated in Fig. 1. It is easy to see that the tunnel system T1 of K1 illustrated in Fig. 1 is
an unknotting tunnel system. It is known that T1 is minimal. Let K2 be a trefoil knot and T2 the unknotting tunnel of K2
illustrated in Fig. 1. Set W ′ = η(K1 ∪ T1; S3). Then it is easy to see that ∂W ′ is isotopic in S3 \ (K1 ∪ T1) to the surface S
in Fig. 4. Then it is directly observed from Fig. 4 that we can push K1 ∪ T1 into S as illustrated in Fig. 5 via an embedding
g : (K ∪ T ) × [0,1] → W ′ as above. Take the cancelling pair (DV , DW ′ ) of (V ,W ′; S) as illustrated in Fig. 5. It follows
from Lemma 6.1 that p1 is a primitive point with respect to T1. By using the same argument, we also see that p2 is a
primitive point with respect to T2. Hence it follows from Proposition 4.3 that T1 ∪ T2 is an unknotting tunnel system of
K∗ = K1 #(p1,p2) K2. We recall that Morimoto [10] has shown that t(K∗) = 2 < t(K1) + t(K2) = 3. This implies that T1 ∪ T2
is not minimal. As applications of the results in Section 5, we have the following.
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Assertion 6.2. The Heegaard splitting of E(K1 #(p1,p2) K2; S3) derived from T1 ∪ T2 is stabilized.
Proof. Set W ′ = η(K∗ ∪ (T1 ∪T2); S3). Then it is easy to see that we can push K∗ into the genus four Heegaard surface ∂W ′
as in Fig. 6. Let D ′ and D ′′ be essential disks in V , E A and E A′ essential disks of W , and ΓR the sub-arc of the push out
of K∗ as in Fig. 6. Then these satisfy the property (∗∗∗) in Proposition 5.4. Hence by Propositions 5.4, 5.3 and Theorem 5.2,
we obtain the desired result. 
We note that the proof of Theorem 5.2 indicates that we can concretely construct a cancelling pair. In particular, this
implies that the destabilized Heegaard surface is obtained by an ambient 2-surgery along the disk E deﬁned in the proof of
Theorem 5.2. Recall that E is obtained from A and A′ by “deep band-sum” along R . Hence we can obtain a concrete ﬁgure
of the destabilized Heegaard surface and therefore obtain an unknotting tunnel system corresponding to the destabilized
Heegaard splitting. Fig. 7 shows an unknotting tunnel system of K∗ corresponding to the destabilized Heegaard splitting
coming from Fig. 6.
We next construct the connected sum 2K1 := K11 #(p11,p′12) K12 of two copies K11, K12 of K1, where p1 j and p′1 j ( j =
1,2) are copies of p1 and p′ , which are illustrated in Fig. 4, in K1 j . Let T1 j be a copy of T1 for each i = 1,2, and set1
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2T1 = T11 ∪ T12. Since p11 is primitive with respect to T11, it follows from Proposition 4.3 that 2T1 is an unknotting tunnel
system of 2K1. Using Fig. 8 and an argument similar to that in the proof of Assertion 6.2, we obtain:
Assertion 6.3. The Heegaard splitting of E(2K1; S3) derived from 2T1 is stabilized.
We note that Assertion 6.3 implies that t(2K1)  3. Since it is proved by Morimoto [11] that t(2K1)  3, we see that
t(2K1) = 3. Hence by using arguments as above, we obtain a minimal unknotting tunnel system, illustrated in Fig. 9, of 2K1
via destabilization coming from Fig. 8.
We ﬁnally construct the connected sum of n copies 2K11,2K12, . . . ,2K1n of 2K1 as follows:
2nK1 := 2K11 #(p1,p′2) 2K12 #(p2,p′3) 2K13 #(p3,p′4) · · · #(pn−1,p′n) 2K1nC
where p j and p′j (1 j  n) are copies of p and p′ , which are illustrated in Fig. 9, in 2K1 j . Let 2T1 j be a copy of 2T1 for
each i = 1,2, . . . ,n, and set 2nT1 = 2T11 ∪ · · · ∪ 2T1n . By Lemma 6.1, we can show that p is primitive with respect to 2T1.
Hence it follows from Proposition 4.3 that 2nT1 is an unknotting tunnel system of 2nK1, which implies t(2nK1) 4n. Since
p ∪ p′ is disjoint from the cancelling pair obtained in Fig. 8, we can destabilize the Heegaard splitting derived from 2nT1 at
each part of K1 j (1 j  n). Hence we see that t(2nK1) 3n. On the other hand, since it is proved by Morimoto [11] that
t(2nK1) 3n, we have:
Assertion 6.4. t(2nK1) = 3n.
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Remark 6.5. The union of n copies of the unknotting tunnel system in Fig. 9 is a minimal unknotting tunnel system of 2nK1
corresponding to the destabilized Heegaard splitting coming from Fig. 8.
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Appendix A
For each i = 1,2, let Ki be a knot in a closed orientable 3-manifold Mi , Ti an unknotting tunnel system of Ki and
pi ∈ Ki \ ∂Ti . In this appendix, we give an example such that a choice of points pi ’s changes the nature of T1 ∪ T2.
Let K be the trivial knot in S3, T its unknotting tunnel system, and p and p′ the points in K \ ∂T illustrated at the
upper left in Fig. 10.
We ﬁrst construct the connected sum 2K := K1 #(p1,p2) K2 of two copies K1, K2 of K , where p j and p′j ( j = 1,2) are
copies of p and p′ in K j . Note that 2K is a trivial knot. Let T j be a copy of T for each K j , and set 2T = T1 ∪ T2. Since the
trivalent graph K ∪ T is isotopic to that illustrated at the upper right in Fig. 10, we easily see the following. (The proof is
left for readers.)
Observation 6.6. The tunnel system 2T is an unknotting tunnel system of 2K .
We next construct the connected sum 2K ′ := K1 #(p′1,p′2) K2 illustrated at the lower left in Fig. 10. We note that 2K ′ is
also a trivial knot and that 2T is a tunnel system of 2K ′ . Then we will have:
Observation 6.7. The tunnel system 2T is not an unknotting tunnel system of 2K ′ .
In fact, the trivalent graph illustrated at the lower left in Fig. 10 is ambient isotopic to the graph, say G , at the lower
right. We note that G contains the split link L such that each component is a trefoil knot. Hence, by the additivity of
Heegaard genus under connected sum (cf. [2]), we have g(E(L; S3)) = 4. Since G is obtained from L by adding two arcs, we
have g(E(G; S3))  4. If 2T was an unknotting tunnel system of 2K ′ , then E(G; S3) should be a genus three handlebody,
i.e., g(E(G; S3)) 3, a contradiction.
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